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This paper classifies and constructs explicitly all the irreducible representations of affine Hecke 
algebras of rank two root systems. The methods used to obtain this classification are primarily 
combinatorial and are, for the most part, an application of the methods used in [Ral]. I have 
made special effort to describe how the classification here relates to the classifications by Langlands 
parameters (coming from p-adic group theory) and by indexing triples (coming from a g-analogue of 
the Springer correspondence). There are several reasons for doing the details of this classification: 

(a) The proof of the one of the main results of [Ral] depends on this classification of representations 
for rank two affine Hecke algebras. Specifically, in the proof of Proposition 4.4 of [Ral], one 
needs to know exactly which weights can occur in calibrated representations. The reason that 
this naturally depends on a rank two classification is outlined in (d) below. 

(b) The examples here illustrate (and clarify) results of [Ral], [KL], [CG], [BM], [Ev], [Kr], [HOl- 
2] . Much of the power of the combinatorial methods which are now available is evident from 
the calculations in this paper, especially when one compares with the effort needed in other 
sources (for example [Xi], Chapt. 11). 

(c) The explicit information here can be very useful for obtaining results on representations of 
p-adic groups (see, for example, [Lu3]). 

(d) One hopes that eventually there will be a combinatorial construction of all irreducible repre- 
sentations of all affine Hecke algebras. I expect that such a construction will depend heavily 
on the rank two cases. This idea is analogous to the way that the rank two cases are the 
basic building blocks in the presentations of Coxeter groups by "braid" relations and the 
presentations of Kac-Moody Lie algebras (and quantum groups) by Serre relations. 

The first section of this paper is a review of definitions and basic results about affine Hecke algebras 
and their representations. A few additional lemmas are proved in order to aid the proofs and con- 
structions in later sections. The remainder of the sections detail the classification and construction 
of the irreducible representations of affine Hecke algebras of types Ai, Ai x Ai, A2, C2 and G2. 
In each case I have indicated how the results here relate to the "Langlands classification", the 
classification of Kazhdan and Lusztig [KL], and the results in [Ral]. 
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1. Definitions and preliminary results 

The Weyl group. Let i? be a reduced irreducible root system in R"^, fix a set of positive 

roots and let {ai, . . . , a„} be the corresponding simple roots in R. Let W be the Weyl group 
corresponding to R. Let Sj denote the simple reflection in W corresponding to the simple root 
and recall that W can be presented by generators si, S2, . . . , Sn and relations 

for 1 < i < n, 
for i 7^ j, 



where niij = {ai,a)j){aj,a)^), and = 2ai/{ai,ai). 

The Iwahori-Hecke algebra. Fix 5 G C* such that q is not a root of unity. The Iwahori- Hecke 
algebra H is the associative algebra over C defined by generators Ti, T2, . . . , T„ and relations 

(g-g-i)Ti + l, forl<i<n, 

W,T, • • • , for i 7^ J, (1.1) 

— V ' 

mij factors 

where rriij are the same as in the presentation of W . For w ^ W define = Ti^ ■ ■ ■ Ti^ where 
Sii • • • Sip = is a reduced expression for w. By [Bou, Ch. IV §2 Ex. 23], the element does 
not depend on the choice of the reduced expression. The algebra H has dimension \W\ and the 
set {T^}wew is a basis of H. 

The group X. The fundamental weights are the elements wi, . . . , a;„ of given by (wj, Oj) = 
Sij. The weight lattice is the VF-invariant lattice in R" given by 

n 
i=l 

Let X be the abelian group P except written multiplicatively. In other words, 



= 1 



factors 



T = 

T.Tjh ■■■ = 

^ V ' 

niij factors 



X = {X^ \Xe P}, and X^Xi" = X^^" = X^X^, for X,neP. 
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Let C[X] denote the group algebra of X. There is a VF-action on X given by wX^ = X'^^ for 
w G W, X^ e X, which we extend hnearly to a VF-action on C[X]. 

The afRne Hecke algebra. The ajfine Hecke algebra H associated to R and P is the algebra 
given by 

H = C-span{T^X^ \ w eW,X^ e X} 

where the multiplication of the Ty^ is as in the Iwahori-Hecke algebra H, the multiplication of the 
X^ is as in C[X] and we impose the relation 

X^Ti = TiX''^ + (q- q-^) ^ ~ ^ , for 1 < z < n and G X. (1.2) 

1 — X 

This formulation of the definition of H is due to Lusztig [Lu2] following work of Bernstein and 
Zelevinsky. The elements T^jX^, w G W, X^ G X, form a basis of H. 

Weights. Let 

T = {group homomorphisms t: X — > C*}. 

The torus T is an abelian group with a VF-action given by {wt){X^) = t{X'^ ^^). For any element 
t G T define the polar decomposition 

t = trU, tr, tcET such that UiX^) G M>o, and \tciX^) \ = 1, 

for all X^ G X. Let = ^. Za^ . There is a unique G M" and a unique u G such that 

tr{X^) = e^^"'^^ and tc{X^) = e'^'''^'''^\ for all A G P. (L3) 

In this way we identify the sets Tr = {t € T \ t = tr} and = {t & T \ t = tc} with R" and 
M^/Q"^, respectively. 

Central characters. 

Theorem 1.4. (Bernstein, Zelevinsky, Lusztig [Lul, 8.1]) The center of H is C[X]^ = {/ G 
C[X] I wf = /}. 

Since H has countable dimension, Dixmicr's version of Schur's lemma implies that Z(H) acts 
on an irreducible if-module M by scalars. Let i G T be such that 

pM = t{p)M, for all p G Z{H) . 

Since Z{H) = C[X{T)]^ it follows that t{p{X)) = {wt){p{X)) for all w^W. The 1^-orbit Wt of 
t is the central character of M. We shall often abuse notation and refer to any weight s G Wt as 
"the central character" of M. 

Weight spaces. Let M be a finite dimensional ^-module. For each t eT the t-weight space of 
M and the generalized t-weight space are the subspaces 

Mt = {meM \ X^m = t{X^)m for all X^ G X} and 
Mf " = {m G M I for each X^ G X, {X^ - t{X^)fm = for some k G Z>o}, 
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respectively. If Mf^" ^ then Mt 7^ 0. In general M 7^ 0^^^ Mj, but we do have 

M = 0Mf". 

This is a decomposition of M into Jordan blocks for the action of C[X]. The set of weights of M 
is the set 

supp(M) = {t G T I Mf"" + 0}. (1.5) 
The calibration graph. Let t ^ T. Define a graph r(i) with 

Vertices: Wt, 

Edges: wt < — ^ SiWt, if {wt){X"'') ^ q^'^ . 



Proposition 1.6. ([Ral] Proposition 2.12) Let M be a Gnite dimensional irreducible H-module 
with central character t. Then 

dim(Mf ") = dim(Mfr) 
if s and s' are in the same connected component of the calibration graph r{t). 

liteT define 

P{t) = {a > I t{X") = q^^} and Z{t) = {a > \ = 1}. (1.7) 
For each subset J C P(t) define 

= {weW \ R{w) n Z{t) = 0, R{w) n P{t) = J}, (1.8) 

where R{w) = {a > \ wa < 0} is the inversion set of w. Define a placed shape to be a pair 
{t, J) such that t£T,JC P{t) and :F(*"^) 7^ 0. The elements of the set J^C*"') are called standard 
tableaux of shape {t, J). 

Proposition 1.9. ([Ral] Theorem 2.14) Let t eT. The connected components of the calibration 

graph r(t) are the sets 

{wt \ w e J^^*''^^, JCP(t), such fciiafc ^ 0. 



Calibrated representations. A finite dimensional if-module M is calibrated if M^f™ = M^, for 
all t G T. 

Proposition 1.10. ([Ral] Proposition 4.2) 

(a) An irreducible H-module M is calibrated if and only if dim(Mf^") = 1 for all weights t of M. 

(b) If M is an irreducible H-module with regular central character t (i.e. Z(t) = 0) then M is 
calibrated. 

Let CKj and aj be simple roots in R and let Rij be the rank two root subsystem of R which 
is generated by and aj . Let Wij be the Weyl group of Rij , the subgroup of W generated by 
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the simple reflections Sj and Sj. A weight t e T is calibratable for Rij if one of the following two 
conditions holds: 

(a) ^ 1 for all a G 

(b) Rij is of type C2 or G2 (assume that ctj is the long root and aj is the short root), 
ut{x"^) = and = 1 for some u G Wij, and 7^ 1 and 7^ 1- 

A placed skew shape is a placed shape (i, J) such that for all w G jr(*''^) and all pairs Q!j,Q:j of 
simple roots in R the weight wt is calibratable for Rij. 

Theorem 1.11. ([Ral] Theorem 3.1 and Proposition 4.1) 

(a) Let {t, J) be a placed skew shape and let JT^*'-^) be the set of standard tableaux of shape {t, J). 
Define 

H{t,J) ^ c-span{v^ \ w G J^^*"^)}, 
so that the symbols labeled basis of the vector space 

H(t,-J), Then the following 
formulas make if^*'-^) into an irreducible H -module: For each w G 

X^v^ = {wt){X^)vy„ forX^eX,and 

TiVu, = {Ti)y,yjVy, + {q-^ + (Ti)^^)?;^,^, forl<i<n, 

where (Ti)^^ = ^ . , and we set Vs,w = if SiW ^ :r(*'-^). 

1 — [wt)(X 

(b) If M is an irreducible calibrated representation such that supp(M) = {wt \ w G ^(*''')} for 
some placed skew shape {t, J) then M is isomorphic to the module constructed in (a). 



Remark 1.12. It follows from the results of Rodier [Ro] that if M is an irreducible i/-module 
with regular central character (i.e. Z{t) = 0) then M satisfies the hypothesis of the statement of 
Theorem 1.11 (b). 

Langlands classification. The following discussion follows the work of Evens [Ev] and [KL, 
§8]. For this subsection it is convenient to assume that q G M>o and q ^ I. For the general case 
see [KL, §8]. Let t eT and let t = trtc be the polar decomposition of t. Define 

n 

v{t) G by requiring tr{X^) = g2(A,^(t)>^ for all A G P. 

i=l 

A finite dimensional ^-module M is tempered if for all weights t of M (as defined in (1.5)) we have 

(wj, v{t)) < 0, for all 1 < i < n. 

The module M is square integrable if {oji, uit)) < for all 1 < z < n and all weights t of M. 

Let / be a subset of the simple roots and let Hj be the subalgcbra of H generated by T^, i G /, 
and a\\ X^ £ X. We shall say that a finite dimensional i?/-module is tempered if / is the maximal 
set such that for all weights t of M, 



<0, 



for all z G I. 
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Theorem 1.13. (see [Ev]) Let / C {1,2 ... ,n} and let T be an irreducible tempered representation 
of Hi. 

(a) M-rj = Ind^^(T) has a unique irreducible quotient Lq-j. 

(b) Every irreducible H -module is isomorphic to Lq-j for some pair (T, /). 

(c) IfLr,i = Lr',i' then I = 1' and T as Hj-modules. 

The Langlands parameters of an irreducible ^-module M are given by the pair (T, /) specified by 
Theorem 1.13 (b). 

Classification by indexing triples. Kazhdan and Lusztig [KL] (see also the important work 

of Ginzburg [CG]) gave a refinement of the Langlands classification. Let G be the simple complex 
algebraic group with root system it! and weight lattice P. An indexing triple (s, u, p) consists of 

a semisimple element s G, , ,i , -i 

^ ^ , ^ „ such that sus = , 
a unipotent element « G G, 

and an irreducible representation p of the component group A{s,u) = Zg{s,u)/Zg{s,u)° , where 
Zg{s,u) = Zg{s) n Zg{u). Let K{Bs,u) be the K-iheory of the variety 

Bs,u = {Borel subgroups of G containing both s and u}. 

By a theorem of Lusztig [Lu4] K{Bs,u) is an ^-module. The group A{s,u) also acts on K{Bs,u) 
and this action commutes w 
given by the decomposition 



and this action commutes with the action of H. The standard modules Ms^u,p are the i?-modules 



p 

where the sum is over all irreducible representations of A{s, u). 
Theorem 1.14. [KL] 

(a) If Ms^u,p 7^ tiien it has a unique simple quotient Ls^u,p- 

(b) Every simple H-module isomorphic to some Ls,u,p- 

(c) If Ls^u,p — Ls'^u',p' then there is a g e G such that s' = gsg~^, v! = gug~^ , and p' = p. 

In this way each irreducible if-modulc corresponds to a unique (up to conjugation) indexing 
triple. One can replace tt by n = Inti in the Lie algebra g = Lie(G) (see [CG, Ch. 8]) so that an 
indexing triple is 

a semisimple element s G G, i , i , a i / \ 2 

, , . , such that Ad{s)n = q n, 

a nilpotent element n G g, 

and an irreducible representation p of the component group A{s,n) = ZG{s,n)/ZG{s,n)° , where 
ZG{s,n) = ^g('S) n Zg^u) and Zcin) is taken with respect to the adjoint action of G on g. We 
will use this form of the indexing triples in the examples in later sections. 

Principal series modules. Let t e T and let Cvt be the one dimensional C[X]-module 
corresponding to the character t:X C*. Specifically, Cvt is the one dimensional vector space 
with basis {vt} and C[X]-action given by 

X\ = t{X^)vt, for all X^ G X. 
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The principal series module corresponding to t is the il-module 

M{t) = lndix{Cvt). 

Theorem 1.15. [Ma] 

(a) Every irreducible H -module M with central character t is a composition factor of the principal 

series module M{t). 

(b) Ifw^W and t £T then M{t) and M{wt) have the same composition factors. 

Theorem 1.16. (Kato's irreducibility criterion [Ka]) Let t e T and let P{t) = {a > | t{X°') = 
^±2 1 jijjg principal series module M{t) is irreducible if and only if P{t) = $. 

Remark. Kato actually proves a more general result and thus needs a further condition for 

irreducibility. We have simplified matters by specifying the weight lattice P in our construction of 
the affine Hecke algebra. One can use any 14^-invariant lattice in and Kato works in this more 
general situation. When the one uses the weight lattice P, a result of Steinberg [St, 4.2, 5.3] says 
that the stabilizer Wt of a point t eT under the action of W is always a reflection group. Because 
of this Kato's criterion takes a simpler form. 

Weights of induced modules. If / C {1, . . . , n} define Hj to be the subalgebra of H generated 
by Ti, i G /, and all G X. 

Lemma 1.17. Let t E T such that t{X"^) = for all i & I and let Cvt be the one dimensional 
Hj-module with basis {vt} and Hj-action given by 

TiVt = qvt, fori el, and X^Vt = t{X^)vt, forallX^eX. 

Let W/Wj be the set of minimal length coset representatives of cosets of Wj in W. Then the 
weights of the H-module M = Ind^^(Cut) are wt, w G W/Wi, and 

dim{M^f) = (#of ue W/Wi such that ut = wt). 

Proof. The module M has basis {T^u \we W/Wi}. By writing = Tj^ • • • Tj^ for a reduced 
word w = Si-^^ . . . Sip and inductively using the defining relation (1.2) we get 

= {wt){X^){T^ ^Vt) + Y, av{t){n ® Vt), 

where the sum is over v G W which are less than w in Bruhat order and a^it) G C. This shows 
that the eigenvalues of X^ on M are {wt){X^). The result follows by counting the multiplicity of 
each eigenvalue. | 

The r operators. The maps TjiM^f™ — > M|™ defined below are local operators on M in the 
sense that they act on each weight space Mf^'^ of M separately. The operator Xj is only defined 
on weight spaces Mf^"" such that 1. 
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Proposition 1.18. ([Ral] Proposition 2.7) LetteT such that 7^ 1 and let M be a finite 

dimensional H-module. Define 

Tf. Mr Mf- 

m I — > jj — — m. 

(a) The map Mf " — > " is well defined. 

(b) As operators on Aff X^n = nX'^^ , for all X^ G X. 

(c) As operators on Mf , TjTj = — — — 77- — r . 

(d) Let 1 < i j < n and let mij be as in (1.1 ). Then TiTjn ■ ■ ■ = Tjun • • • , 

rrtj, factors rrn-j factors 
g< 



whenever both sides are well defined operators on 



Lemma 1.19. Let t ^ T such that = 1 and suppose that M is an H-module such that 

7^ 0- Let Wt be the stabilizer of t under the action ofW on T. Assume that w € W/Wt is 
such that t and wt are in the same connected component of r(t). Let w be a minimal length coset 
representative of w. Then 

(a) dim(M^f ) > 2, and 

(b) IfM^^lt = then {wt){X°'J) = q^^ and {w-^aj, ay) = 0. 

Proof. Let M[t) be the two dimensional principal series module for the affine Hecke algebra HAi 
of type Ai (see §2 central character to). Then M{t) = M{t)f^'^ and has basis {vt,TiVt}. Let Ut be 
a nonzero weight vector in Mf. There is a unique iJ^i-module homomorphism 

M{t) — > M 
Vt I — ^ nt 

where we view M as an i^Ai-module by restriction to the parabolic subalgebra H{i} Q H. This 
homomorphism must be an injection since M{t) is irreducible. Thus the vectors nt,Tint span a 
two dimensional subspace of Mf ^" and X^ G X acts on this subspace by the matrix 

Let w = • • • be a reduced expression of w. Since t and wt are in the same connected 
component of T{t) we can use Proposition 1.18 (c) to show that the map 

'w — ^Ji Tip ■ -'"t * ^^^wt 

is well defined and bijective. Thus the vectors TyjTitjTyj Tifit span a two dimensional subspace of 
and, by Proposition 1.18 (b) X^ G X acts on this subspace by the matrix 
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This proves (a). Then 

Vo 1 

Since M|™j = 0, tj-.M^^ — > M|™j is the zero map and so 

The relation T? = {q — q~^)Tj + 1 is the same as {Tj — q){Tj + q~^) = 0. This relation forces 

(t>wt{Tj) to have Jordan blocks of size 1 and eigenvalues ±g='=^. It follows that t{X'^ ^"j) = q"^^ 
and {w~^aj, a^) = 0. | 



2. Classification for Ai 



The root system for Ai has one simple root ai and fundamental weight = jCKi- 

Irreducible representations. Table 2.1 lists the irreducible i?-modules by their central char- 
acters. The sets P{t) and Z{t) are as given in (1.7) and correspond to the choice of representative 
for the central character displayed in Figure 2.1. The Langlands parameters usually consist of 
a pair (T, /) where / is a subset of {1} and T is a tempered representation for the parabolic 
subalgebra Hi. In our cases the tempered representation T of Hj is completely determined by 
a character t & T. Specifically, T is the only tempered representation of Hi which has t as a 
weight. In the labeling in Table 2.1 we have replaced the representation T by the weight t. The 
nilpotent element e^^ is a representative of the root space for the Lie algebra = s[2- For each 
calibrated module with central character t we have listed the subset J C P{t) such that (t, J) is 
the corresponding placed skew shape (see Theorem 1.11). The abbreviation 'nc' indicates modules 
that are not calibrated. 



Central 
character 


Pit) 


m 


Dimension 


Langlands 
parameters 


Indexing 
triple 


Calibration 
set J 


ta 







1 
1 


(4,0) 
tempered 


(4,0,1) 
(4, 6c«i , 1) 




{"i} 


tb 








2 


(4,0) 


(4,0,1) 





to 





{«i} 


2 


tempered 


(4,0,1) 


nc 



Table 2.1. Irreducible representations 

Figure 2.1 displays the real parts of the central characters in Table 2.1. If t G T then the 
polar decomposition t = t^tc determines an element G M" such that tr{X^) = e^^''^^ (see (1.3)). 
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For each central character tp the point labeled by p in Figure 2.1 is the graph of the corresponding 
/Xp G M". Assume (for pictorial convenience) that g is a positive real number and let 

-ffai = {a; G M I {ai,x) = 0}, and -ffai±<5 = {a; G M | {ai,x) = ln(g=^^)}. 

The I marks indicate the (affine) hyperplanes -ffanti- 

H • 1 • 



Figure 2.1. Real parts of central characters in Table 2.1 

Tempered and square integrable representations. The tempered (rcsp. square integrable) 
i/-modules are the ones which have all their weight spaces in the closure (resp. interior) of the 
dotted region of Figure 2.2. 

^ita to 

4 • \ 



Figure 2.2. Real parts of weights of tempered representations 

The irreducible tempered representations with real central character can be indexed by the 

irreducible representations of the symmetric group 5*2 (see [BM]). These representations are indexed 
by the partitions (2), (1^) of 2. Let e^^ be an element of the root space g^^ for the Lie algebra 
= s[2. The two nilpotent orbits in g and the corresponding tempered representations of H are 
as in Table 2.2. 

Nilpotent orbit Indexing triple Square integrable W representation 
regular (t„,e„i,l) yes (1^) 

(to, 0,1) no (2) 

Table 2.2. Tempered representations and the Springer correspondence 



Slta ta Sitb tb to 
• • • • • 

Figure 2.3. Calibration graphs for central characters in Table 2.1 

The analysis. 

Central character ta-' There are two one-dimensional representations Cva and Cvg-^a with central 
character ta- These representations are given explicitly by 

X^Va = ta{X^)Va, ^ X^V,,a = isita){X^)v,,a, 

and 

TiVa = qVa, T-iVs^a = -Q Vs^a, 

respectively. One uses Theorem 1.15 and the fact that the principal series module M{ta) is two 
dimensional to conclude that Cva and Cvg-^a are the only irreducible representations of H with 
central character ta- 
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Central character ti,: By Theorem 1.15 and Kato's irreducibility criterion, Theorem 1.16, the 
only irreducible representation with central character is the principal series module M{ti)). 
Alternatively, this module can be constructed by applying Theorem 1.11 to the placed skew shape 

M). 

Central character to-' The weights given by to{X'^^) = ±1 are the two central characters to & T 
which satisfy P{t) = 0, Z{t) = {ai}. In either case Kato's irreducibility criterion (Theorem 1.16) 
tells us that the principal series module M{to) is irreducible. This module has basis {vt, TiVt} and 
action given by 

HX>^)=t{X^)(l and m)={l ^_\.,). 

3. Classification for Ai x A-^ 

The affine Hecke algebra of Ai x Ai is naturally isomorphic to HAi HAi. The finite 
dimensional irreducible representations of HAi ® HAi are all of the form M ®N where M and N 
are finite dimensional irreducible representations of HAi . 
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4. Classification for A2 

The root system R for A2 has simple roots cti and 0:2 , fundamental weights uJi and 0^2 , and 

{ai,a2) = -l uji = \{2ai+a2) , ai = 2loi - 002 

-, and 
(Q!2,ai) = -1, UJ2 = ^{ai + 2a2), a2 = -uji + 2u2. 

Irreducible representations. Table 4.1 lists the irreducible i?-modules by their central char- 
acters. The sets and Z{t) are as given in (1.7) and correspond to the choice of representative 
for the central character displayed in Figure 4.1. The Langlands parameters usually consist of 
a pair (T, /) where / is a subset of {1,2} and T is a tempered representation for the parabolic 
subalgebra Hj. In our cases the tempered representation T of Hj is completely determined by a 
character t £ T. Specifically, T is the only tempered representation of Hj which has t as a weight. 
In the labeling in Table 4.1 we have replaced the representation T by the weight t. The nilpotent 
elements e^i and are representatives of the root spaces Qai and > respectively, where g is 
the Lie algebra g = s[3. For each calibrated module with central character t wc have listed the 
subset J C P[t) such that {t,J) is the corresponding placed skew shape (see Theorem 1.11). The 
abbreviation 'nc' indicates modules that are not calibrated. 



Central 


P{t) 


Z{t) 


Dimension 


Langlands 


Indexing 


Calibration 


character 








parameters 


triple 


set J 


ta 


{ai,a2} 





1 


(ta,0) 


(ta,0,l) 











2 




{tai ^-a2 ) 1) 


{"2} 








2 


(S2ta,{l}) 


(taj 6q;i , 1) 


{ai} 








1 


tempered 


(taj ^cei ~l" ^ce2 ) -^) 


{ai,a2} 


h 


{02} 





3 


{tb,$) 


(tb,0,l) 











3 




(tf), 6012 , 1) 


{"2} 


tc 


{a2,ai + 02} 


{ai} 


3 


(ic,{l}) 


(tc,0,l) 


nc 








3 


(S2ic,{2}) 




nc 


td 


{ai,ai + a2} 


{"2} 


3 


itd,m) 


(id, 0,1) 


nc 








3 


(sitd,{i}) 


(td, f^ai , 1) 


nc 


te 





{"1} 


6 


{te,m 


(ie,0,l) 


nc 







{02} 


6 


{tf,m 


(tf, 0,1) 


nc 


ta 








6 




{tg,0,l) 





to 





{ai,Q!2} 


6 


tempered 


{to,0,l) 


nc 



Table 4.1. Irreducible representations 



^ There is one case when this representation is tempered, see Table 4.2. 
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Figure 4.1 displays the real parts of the central characters in Table 4.1. If t € T then the 



polar decomposition t = trtc determines an element z/ G M" such that tr{X 



;see (1.3)). 



For each central character tp the point labeled by p in Figure 4.1 is the graph of the corresponding 
Up G R". Assume (for pictorial convenience) that g is a positive real number and let 



Hfs = {xeR'' \ {I3,x) = 0}, 



and 



for each positive root /3. The dotted lines display the (affine) hyperplanes Hjs±s. 




Figure 4.1. Real parts of central characters in Table 4.1 

Tempered and square integrable representations. The tempered (resp. square integrable) 
^-modules are the ones which have the real parts of all their weights in the closure (resp. interior) 

of the shaded region of Figure 4.2. Let t G T be given by t{X~°'^) = ztg, t(X~"^) = ztg. This is 
a special case of the central character in Table 4.1. For this particular special case there is one 
tempered representation with central character t. 




011+02 



Figure 4.2. Real parts of weights of tempered representations 

The irreducible tempered representations with real central character are in one-to-one cor- 
respondence with the irreducible representations of the symmetric group S'3 (see [BM]). These 
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representations are indexed by the partitions (3), (21), (1^) of 3. Equivalently, they can be indexed 
by the pairs (n, p) which appear in the Springer correspondence. The n and p will also be elements 
of the indexing triple for the corresponding tempered representation of H. Here n is a nilpotent 
element of the Lie algebra ^ = siz and p is an irreducible representation of the component group 
Zcin) / ZQ{n)° . In type A the component group is always trivial. For each root /? € i? let e/j be 
an element of the root space g^. The three nilpotent orbits in g and the corresponding tempered 
representations of H are as in Table 4.2. 

Nilpotent orbit ZQ{n) / ZG{n)° Indexing triple Square integrable representation 
regular 1 + e^^ , 1) yes (3) 

subregular 1 (s2Sii, 60,2, 1) no (21) 

1 (to, 0,1) no (1^) 

Table 4.2. Tempered representations and the Springer correspondence 

Sita ta Sith tb tc 



S2Slta« ^S2ta S'2,S\t\)4 ^ Sih •^2^ 



c 



• • • • • 

S2S\S2ta SxS^ta 828x82% 8x82% 8x82tc 



8\td td te 8xtf tf 



828xtd* \82te 828xtf 




to 



828x82tg 8x82tg 

Figure 4.3. Calibration graphs for central characters in Table 4.1 




The analysis. 

Central characters ta, tf,, tg.- Since Z{t) = these weights are regular. Thus the representations 
corresponding to these central characters are in one to one correspondence with the connected 
components of the calibration graph r{t) and can be constructed explicitly with the use of Theorem 
1.11. Up to isomorphism the principal series module M{tg) is the only irreducible if-modulc with 
central character tg. The Langlands parameters for each module can be determined from its weight 
structure and the indexing triple is then determined from the Langlands data by using the induction 
theorem of Kazhdan and Lusztig (see the discusssion in [BM, p. 34]). 

There is one special case of the central character tf, when the irreducible module constructed 
by applying Theorem 1.11 to the placed skew shape (^6,0) is tempered. This happens when 
h = 828xt for the weight t £ T given by t{X~°'^) = ±q, t{X~'^'^) = ±q. The indexing triple and 
the calibration set for this case are still given by {tbjSa^, 1) and J = {0:2}, respectively. 
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Central characters tc and t^-' One can use the defining relations of H to check that the only 
1-dimensional representations of H are the ones with central character ta- Construct two 3- 
dimensional representations of H by 

lnd%^^^{Cv,) and Ind|^^^ (C^;«,e), 

where Cvc and Cvs2c are the two one-dimensional representations of -^{2} given by 

T2VS2C = -q'^Vs^c, X'^^Vs^c = Q^Vs^c, X^'^Vs^c = q~'^Vs2C- 

These representations must be irreducible since, if not, they would either have a 1-dimensional 
submodule or a one dimensional quotient. But there are no 1-dimensional modules with central 
character tc- 

The central characters t^ and td are taken into each other under the automorphism of the 
Dynkin diagram of A2 which switches the two nodes and thus these two central characters will 
produce modules which have the same structure (up to twisting by the automorphism which 
switches cki and 0:2). Thus the representations with central character ta can be obtained from the 
ones with central character tc by switching all I's and 2's and changing all c's to d's. 

Central characters tc and tf. Since P{te) = 0, Kato's irreducibility criterion (Theorem 1.16) 
implies that the principal series module M{te) is irreducible. By Theorem 1.15 this is the only 
irreducible with central character te- As for the case of tc and t^, the central characters tc and 
tf are taken into each other under the automorphism of the Dynkin diagram of A2. Thus the 
irreducible representations with central character tf can be obtained from the one with central 
character tg by switching all I's and 2's and changing all e's to /'s. 

Central character to-' Since P{to) = 0, Kato's irreducibility criterion (Theorem 1.16) implies that 
the principal series module M{to) is irreducible. By Theorem 1.15 this is the only irreducible with 
central character to- 

5. Classification for C2 



The root system R for C2 has simple roots ai and 0:2, fundamental weights coi and 002, and 

(ai, a2 ) = ~2 wi = ai + 02 ai = 2wi — 2a;2 

(a2,ai) = — 1, c<;2 = 2"i + «2, a2 = -oji + 2uj2- 



Irreducible representations. Table 5.1 lists the irreducible if-modules by their central char- 
acters. We have listed only those central characters t for which the principal series module M{t) 
is not irreducible (see Theorem 1.16). The sets P{t) and Z{t) are as given in (1.7) and correspond 
to the choice of representative for the central character displayed in Figure 5.1. The Langlands 
parameters usually consist of a pair (T, /) where / is a subset of {1,2} and T is a tempered rep- 
resentation for the parabolic subalgebra Hj- In our cases the tempered representation T of Hj is 
completely determined by a character t E T. Specifically, T is the only tempered representation 
of Hi which has i as a weight. In the labeling in Table 5.1 we have replaced the representation T 
by the weight t- The notation for the nilpotent elements in the indexing triples is as in Table 5.2. 
For each calibrated module with central character t we have listed the subset J C P(t) such that 
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(t, J) is the corresponding placed skew shape (see Theorem 1.11). The abbreviation 'no' indicates 
modules that are not calibrated. 



Central 


Pit) 


Dim. 


Langlands 


Indexing 


Calibration 


char. 


Zit) 




parameters 


triple 


set J 


ta 


{Q!l,a2} 


1 


(siS2SlS2ia,0) 


(ta,0,l) 










3 


(Slia,|l|) 

\ J- 7 L J / 


\ u 1 mil / 


jai 1 

L -L J 






3 


(S2ia,{2}) 


\^Ui7 tJ;2' / 


|a2l 






1 


tempered 


\'tn 1 6/-V-1 1 6/~Vi-> 1 1 ) 


{CKI, a2l 


tb 




3 


(ife,{2}) 


(^6,0,1) 


nc 




0L\ + 2Q!2} 


1 


(Sitb,ll|) 
\ L J/ 


Cq;^ ^ 1) 






{"2} 


1 


tempered 




{ai,ai +0:2} 






3 


tempered 




nc 


tc 


{a\,a\ + 2q!2} 


2 


(ic,{2}) 


(ic,0,l) 










2 


(Sltc,{l}) 




{"1} 






2 


(sl Sotr, |1|) 

\ -L ^L.7L J/ 




|ai + 202! 






2 


tempered 




{ai, «! + 202} 


td 




4 




(*d,0, 1) 


nc 




{ai} 


4 


(S2td,{2}) 




nc 


te 


{ai} 


4 


(S2«e,{l}) 


(ie,0,l) 


nc 




{ai + 20:2} 


4 


tempered 


(^ej ^ai ) 1) 


nc 




{ai} 


4 




(i/,0,1) 










4 












4 




(^.,0,1) 










4 


(^2*5, {2}) 


{tg, 6q,2 , 1) 


{"2} 



Table 5.1. Irreducible (non principal series) representations 

Figure 5.1 displays the real parts of the central characters in Table 5.1. If t G T then the 
polar decomposition t = trtc determines an element //EM" such that tr{X^) = e^'^'^^ (see (1.3)). 
For each central character tp the point labeled by p in Figure 5.1 is the graph of the corresponding 
Hp G M". Assume (for pictorial convenience) that g is a positive real number and let 

i^^ = {x G I {13, x) = 0}, and Hp±s = {x G | (/3, x) = Hq^'^)}, 

for each positive root /3. The dotted lines display the (affine) hyperplanes Hjs±s. 
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Figure 5.1. Real parts of central characters in Table 5.1 

Tempered and square integrable representations. The tempered (resp. square integrable) 
//-modules are the ones which have the real parts of all their weights in the closure (resp. interior) 
of the shaded region of Figure 5.2. 




Figure 5.2. Real parts of weights of tempered representations 
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The irreducible tempered representations with real central character can be indexed by the 
irreducible representations of the Weyl group W of type C2 (see [BM, p. 34]). Equivalently, these 
representations can be indexed by the pairs (n, p) which appear in the Springer correspondence. 
The n and p will also be elements of the indexing triple for the corresponding tempered repre- 
sentation of H. Here n is a nilpotent element of the Lie algebra g = Lie(G), G is the complex 
simple group over C of type C2 and p is an irreducible representation of the component group 
ZG{n)/ZG{n)° (see [Ca]). For each root /? G i? let be an element of the root space 0/3. The four 
nilpotent orbits in g and the corresponding tempered representations of H are as in Table 5.2. We 
have used the notation of Carter [Ca, p.424] to label the irreducible representations of the Weyl 
group. 



Nilpotent orbit ZG{n)/ZG{n)° Indexing triple Square integrable representation 



regular 1 (4, e^^ + 6^2, 1) yes (0,11) 

subregular Z/2Z (t6,e„i+a2, 1) yes (1,1) 

(ib,eai+a2, -1) yes (0,2) 

minimal 1 (ie,eQ,j,l) no (11,0) 

1 (to, 0,1) no (2,0) 



Table 5.2. Tempered representations and the Springer correspondence 



The only other tempered representation is the square integrable representation (tc, e^-^ +eai+2a2 , 1)- 
This representation does not have real central character. It is the representation constructed in 
[Lu3, 4.14, 4.23]. (In Lusztig's notation it is the star of the representation corresponding to the 

graph g' © g".) 



Si t 



S2Slta 

SlS2Slta 

SlS2SlS2ta 



S2ta 



S2Sltl, • 



SlS2ta SiS2Sitb • 

S2SlS2ta 



S2Slt, 



SiS2Sit, 



S2tc 



SiS2tc 



\ / 

S\S2SxS2tc S2S\S2tc 



td 



S2td 



S2te 



S2Sitf 



Sitf tf 

/ \ 



S2tf 



SlS2td 



SiS2Sitf 



S2SlS2td 



SlS2tf 



\ / 

S\S2S\S2tj S2S\S2tf 
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Sltg tg 



S2Sit„ 



SiS2Sit 



S2ta 



SlS2t„ 



SlS2SlS2tg S2SlS2tg 



Figure 5.3. Calibration graphs for central characters in Table 5.1 



The analysis. A general calculation with the defining relations of H shows that there are only 
four one dimensional i7-modules Cui, Cv2, Ct;3, and Cf4 which have weights ta-, S2Sitb, sitb and 
siS2SiS2ta, respectively. These modules are given explicitly by 



Tivi = qvi, 
TiV2 = qv2, 
T1V3 = -q~^V3, 
T1V4 = -q~^V4, 



qvi, 



T2V1 

T2V2 = -q'^V2, 

T2V3 = qv3, 
T2V4 = -q~^V4, 



X'^^V2=q^V2, 
V4, 



X«iW4 = q~^ 



X'^^V2 = q~ 



q vi, 
-'V2, 
X«2V3 = q^V3, 
X°'^V4 = q~'^V4. 



Central character ta-' Since Z[ta) = 0, ta is regular and thus all irreducible representations with 
central character ta are calibrated. They are in one to one correspondence with the connected 
components of the calibration graph and can be constructed with the use of Theorem 1.11. The 
Langlands parameters for each module can be determined from its weight structure and the in- 
dexing triple is then determined from the Langlands data by using the induction theorem of 
Kazhdan-Lusztig (see the discussion in [BM, p.34]). 

Central character tb-' We already know from our general computation above, that there are two 
one-dimensional /f-modules with central character tb- One has weight ,sitb and the other has 
weight S2Sitb- Let Cvb and Cvg-^b be the one dimensional representations of given by 

TiVb = qVb, X"^Vb = q'^Vb, X"^Vb = Vh, 

TiVs^b = -q'^Vs^b, x°'^Vs^b = q~'^Vs^b, x°'^Vs^b = q^Vs^b- 

Let 

Ml = Ind|^^^ (Cvb) and M2 = Indf^^^ {<Cvs^b)- 

By Lemma 1.17 these modules have weights supp(Mi) = {tb, Sitb, S2Sitb} and supp(M2) = {sitb, 
S2Sitb, siS2Sitb}, respectively. Both Mi and M2 are 4 dimensional. By Proposition 1.18 (c) one 
of the two operators T2: (Mij^^^iti, ^ (^i)sit6 or (Mi)^!*^ {Mi)s^a^ti ™ust have nonzero 
kernel. This implies that Mi has either a 3 dimensional submodule or a 3 dimensional quotient, 
call it A^i, with weights {tb^sitb}- By Lemma 1.19, any module P with weights must 
have dim(P^^^'^) > 2 and dim(P^^™) > 1. It follows that A^i is irreducible. A similar argument can 
be used to show that M2 has either a 3 dimensional submodule or a 3-dimensional quotient which 
must be irreducible. 

The representation iVi constructed in the previous paragraph and the 1 dimensional repre- 
sentation with weight sitb are both tempered. One obtains the corresponding indexing triples by 
comparing the Langlands parameters for these modules with the labelings of the corresponding 
representations of W in the Springer correspondence. See [Ca, p.424], [BM, p. 34] and Table 5.2. 
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Central character tc'. Since Z{tc) = 0, tc is regular and thus all irreducible representations with 
central character tc arc calibrated. They are in one to one correspondence with the connected 
components of the calibration graph and can be constructed with the use of Theorem 1.11. The 
Langlands parameters for each module can be determined from its weight structure. The only 
representation for which the indexing triple cannot be determined from the Langlands parameters 
and the [KL] induction theorem (see the discussion in [BM, p. 34]) is the tempered representation. 
This representation is constructed in [Lu3, 4.14 and 4.23]. In Lusztig's notation, it is the star (see 
[Lu3,4.23]) of the representation corresponding to the graph Q' ® Q" . The indexing triple for this 
representation is given in the discussion for B2 in [Lu3, 2.10]. 

Central character td'- Let Cvd and Cvs^a be the one dimensional representations of -ff{2} given by 
T2Vd = qvd, X'^^Vd = Vd, X'^^Vd = q^Vd, 

T2Vs2d = -q~^Vs2d, X'^^Vs^d = q'^Vs2d, X'^^Vs^d = q~'^Vs2d- 

Let 

Ml = Ind|^^^ (Cvd) and M2 = Ind|^^^ (Cvs.d)- 

By Lemma 1.17 these modules have weights supp(Mi) = {td,S2td,siS2td} and supp(M2) = 
{s2td,siS2td, S2SiS2td}, respectively. Both Mi and M2 are 4 dimensional. 

Let M be any ^-module such that Mt^ ^ 0. By Lemma 1.19 (a), dim(Mf™) > 2. Since 
(02, ai) 7^ it follows from Lemma 1.19 (b) that dim(M^^^"^) > 1. Then, by Proposition 1.6, 
dim(M|^''"^j^) > 1. Adding these numbers up we see that dim(M) > 4. It follows that Mi is 
irreducible. An analogous argument can be applied to conclude that M2 is irreducible. 

Central character t^: Let Cvg and Cvs-^e be the one dimensional representations of H^iy given by 

TiVe = qVe, X'^^Ve = g^Ve, ^"'^^e = q'^V^, 

TlVs^e = -q'^Vs^e, ^"'^^sie = q'^Vs^e, X'^^Vs^e = qVsie- 

Let 

Ml = Indf^^^ (Cve) and M2 = Indf^^^ (Cu^^e)- 

By Lemma 1.17 these modules have weights supp(Mi) = {tg, S2te} and supp(M2) = {site, S2Site} 
respectively. Both Mi and M2 are 4 dimensional. 

Let M be any if-module such that Mf^ 7^ 0. By Lemma 1.19 (a) and Proposition 1.6, 
dim(Mi'f") = dim(Mf^7J > 2- Thus dim(M) > 4. It follows that Mi is irreducible. An analogous 
argument can be applied to conclude that M2 is irreducible. 

Central character t / and tg : These cases are handled in the same way as for the central character 

ta- 

6. Classification for G2 
The root system R for G2 has simple roots ai and a2, fundamental weights loi and C02, and 

(q!i, 0:2 ) = — 3 ui = 2ai + 3q!2 cki = —ooi + 2a;2 

^ and 
(q!2,Q;i ) = -1, a;2 = Q!i + 2q!2, 0:2 = 2a;i - 3a;2. 
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Irreducible representations. 



Central 


Pit) 


Dimension 


Langlands 


Indexing 


character 


m 




parameters 


triple 


tn 


{(V-i , CXo\ 


1 


(tn,$) 


ftn,0, 1) 







5 










5 


(S2t„j2}) 








1 


tempered 








6 


(th,0) 









6 


(s^th 111) 




to 


{ai, ai + 80:2} 


2 


(ic,{2}) 


(ic,0,l) 







4 


(«l*c,{l}) 


(^C5 ^cti ; 1) 






4 


fsi S')tr,. ill) 








2 


tempered 








3 


(t,y,|2)) 


(trf,0, 1) 

vet? ^? 







3 


(5iid,{l}) 


(^d) ^ai ) 1) 






3 


(S2SlS2td,{2}) 


(tdi eai+2a2) 1) 






3 


tempered 


^0!1 ~l~ ^0:1+20:2 5 


te 


{ai, ai + 2a2, 


3 


{te,m) 


(ie,0,l) 




Q;i + Q!2, CKl + 30:2} 


1 


(SlU, 111) 






{"2} 


2 


(s2Slte,{2}) 


(^65 ^CKi+a2 5 






1 


tempered 


(^€,6^1 +6^1+2025(21)) 






3 


tempered 


\Tjn. flr^, ~\~ fi^, _l_0.-i, .(till 




{«!, 2ai + 3a2} 


6 


(t/,{l}) 


{tf, 0,1) 




•fo'i + Sctol- 


6 




(tf e^, 1^ 


is 


{"1} 


6 


(i.,{2}) 


{tg,0,l) 




{ai + 202} 


6 


tempered 


{tg 5 ^CKi ? 1 ) 


th 


{"2} 


6 




(i^,0,l) 







6 


{S2th,{'^}) 




ti 


{a2, ai + "2} 


6 


{t^,m) 


(ti,0,l) 




{"1} 


6 


{S2ti, {2}) 


(ij; 6a!2 ) 1) 


tj 


{02} 


6 




(t„0,l) 




{2a;i + 3q;2} 


6 


tempered 





Table 6.1. Irreducible (non principal series) representations 



Table 6.1 lists the irreducible iJ-modules by their central characters. We have listed only those 
central characters t for which the principal series module M{t) is not irreducible (see Theorem 
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1.16). The sets P{t) and Z(t) are as given in (1.7) and correspond to the choice of representative 
for the central character displayed in Figure 6.1. The Langlands parameters usuahy consist of 
a pair (T, I) where / is a subset of {1,2} and T is a tempered representation for the parabolic 
subalgebra Hj. In our cases the tempered representation T of Hj is completely determined by a 
character t £ T. Specifically, T is the only tempered representation of Hj which has t as a weight. 
In the labeling in Table 6.1 we have replaced the representation T by the weight t. The notation 
for the nilpotent elements in the indexing triples is as in Table 6.3. 

Table 6.2 lists the irreducible calibrated H-modules. For each module with central character 
t we have listed the subset J C P[t) such that (t, J) is the corresponding placed skew shape (see 
Theorem 1.11). We have listed only those central characters t for which the principal series module 
M{t) is not irreducible (see Theorem 1.16). 



Central 


Pit) 


m 


Dimension 


Indexing 


Calibration 


character 








triple 


set J 


tn 







1 


(tn,0, 1) 











5 


(ta: ^ai , 1) 










5 


{iai Ca2 ) 


{"2} 








1 




{Q!1,Q;2} 


h 







6 


(^6,0,1) 











6 


(^6, ^cei , 1) 




tc 


{ai, ai + 3a2} 





2 


(*c,0,l) 











4 


(^c, ^ai , 1) 


{"1} 








4 


(tc, eot^+^a2 1 1) 


{ai + 302} 








2 


(^C! ^ai "l~ 6ai+3a2! -^) 


{«!, ai + 302} 


td 


{ai,ai + 2q!2} 





3 


(id, 0,1) 











3 


(t(i, ^cti , 1) 


{«i} 








3 


{tdl 601+202 ! 1) 


{«! + 202} 








3 


(^d, + 6q;j-|-2q;2 ; 


{q;i,q;i + 2q!2} 


te 


{«!, ai + 2a2, 


{"2} 


1 


(te, Cqi , 1) 


{«i} 




ai + a2, «! + 302} 




2 


(^ej Cai+c«2 ) 


{«!, «! + 02} 








1 


(ie, eoji + 601+202 ) (21)) 


P(te) \ {ai + 3Q!2 


th 


{«2} 





6 


(t/.,0,l) 











6 


(ift, 602 J 1) 


{«2} 



Table 6.2. Calibrated irreducible (non principal series) representations 



Figure 6.1 displays the real parts of the central characters in Tabic 6.1. If t G T then the 
polar decomposition t = trt^ determines an element v G M" such that tr{X^) = e^^'^'^ (see (1.3)). 
For each central character tp the point labeled by p in Figure 6.1 is the graph of the corresponding 
Vp G M". Assume (for pictorial convenience) that g is a positive real number and let 

H0 = {xeW \ {P, x) = 0}, and H^^s = {x G R" | x) = Hq^^)}, 

for each positive root /?. The dotted lines display the (affine) hyperplanes Hj3±s. 
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Figure 6.1. Real parts of central characters in Table 6.1 



Tempered and square integrable representations. The irreducible tempered representations 
with real central character can be indexed by the irreducible representations of the Weyl group W 
of type G2 (see [BM, p. 34]). Equivalently, these representations can be indexed by the pairs {n, p) 
which appear in the Springer correspondence. The n and p will also be elements of the indexing 
triple for the corresponding tempered representation of H. Here n is a nilpotent element of the 
Lie algebra g = Lic((jr), G is the complex simple group over C of type G2 and p is an irreducible 
representation of the component group Zcin) / ZG{n)° (see [Ca]). For each root /3 G let be 
an element of the root space 0/3. The five nilpotent orbits in g and the corresponding tempered 
representations of H are as in Table 6.3. The notation ^3 denotes the symmetric group on three 
elements, which has irreducible representations indexed by the partitions (3), (21), (1'^) of 3. We 
have used the notation of Carter [Ca, p.427] to label the irreducible representations of the Weyl 
group W of type G2 ■ 



Nilpotent orbit 


ZG{n)/ZG{nY 


Indexing triple 


Sq. int. 


W rep 


regular 


1 


(^aj ^ai ~l~ i 1) 


yes 


01,0 


subregular 


^3 


(^e, Gai + 60-1+202 ' (3)) 


yes 


02,1 






(ie, + 601+202 ) (21)) 


yes 


01,3' 


subminimal 


1 


{tj, Ga^, 1) 


no 


02,2 


minimal 


1 


(^tg, Cq.-^ , 1) 


no 


01,3 





1 


{to,0,l) 


no 


01,6 



Table 6.3. Tempered representations and the Springer correspondence 
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The only other tempered representations are the representations labeled by the triples {tc, + 
eai+3Q2i 1) and {td^ + 601+20:2 > These representations are square integrable but do not have 
real central character. 

The modules labeled by (tc,e„i +e„i+3a2,l)i (td,eat + ea^+2a2A), (te,eai + eai+2a2 5 (3)), 
(te,eai + eaj-(_2a2 ) (21)) aic tlic oncs constructed by Lusztig in [Lu3] 4.20, 4.19, 4.7 and 4.22 
respectively. In Lusztig's notation these are the stars (see [Lu3, 4.23]) of the modules labeled by 
the graphs Q" , Q' , Q and Q'" , respectively. 




Sltb tb 



SiS2SiS2Sita 

S\S2SiS2SiS2ta 



SiS2SiS2ta 
S2SiS2SiS2ta 




SlS2Sitb 
S2SiS2Sitb 

SiS2SiS2Sitb' 

SlS2SiS2SiS2tb 




SlS2SiS2tb 
S2SiS2SiS2tb 



Site 

S2Slt, 
SiS2Sit. 
S2SiS2Sit. 

SlS2SlS2Slic*\, 

SlS2SiS2SiS2tc 




SlS2SiS2tc 
S2SiS2SiS2tc 




SiS2SiS2Sitd 

SlS2SiS2SiS2td 




SlS2td 
S2SlS2td 

'siS2SiS2td 
S2SiS2SiS2td 



S2Sit 
SiS2Sit. 
S2SiS2Site • 



Sit 



Sitf tf 
S2Sltf^^ *^^S2tf 



SiS2Sitf 
S2SiS2Sitf 



SiS2SiS2Site 



Sltg tg 





Slth th 
S2Slth-^ * S2th 



S\S2Sith 
S2S\S2Sith 



SlS2SlS2Sith 




SlS2SlS2SiS2th 



SlS2SiS2th 
S2SiS2SiS2th 
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ti 



} 



Sit 



J tj 



S2U 

S2SlS2ti 



S2tj 

\ 



SiS2tj 
S2SlS2tj 



SiS2SiS2ti 
S2SiS2SiS2ti 



Figure 6.2. Calibration graphs for central characters in Table 6.1 

The analysis. 

Central characters ta, t^, tc, td, t^: The central characters t^,, tf, tg, ti and tj are the only ones 
which have both Z{t) and P{t) nonempty. The other cases are handled by Theorem 1.16 and 
Theorem 1.11 as in the cases of central characters ta, tb, tg and to for type A2. 

The Langlands parameters for each module can be determined from its weight structure. 
The indexing triple is determined from the Langlands data by using the induction theorem of 
Kazhdan and Lusztig (see the discussion in [BM, p.34]). Let us give an example to illustrate 
the procedure. The Langlands parameters {siS2tc, {1}) for the 4 dimensional representation with 
central character tc correspond to the indexing triple {s2tc, Gai, 1) which is conjugate to the triple 

(^C5 ^2Cai ) 1) (^C) Cqi +3a2 ! • 

The indexing triples for the tempered representations cannot be determined with the use of the 

Kazhdan-Lusztig induction theorem. The indexing triples for the tempered representations with 
real central character are determined from the Springer correspondence, see Table 6.3 and [BM, 
p.34]. The two tempered representations with central characters tc and td do not have real central 
character. By the last two sentences of [Lu3, 2.10] we know that the indexing triples for these 
representations contain the subregular nilpotent and that the component groups are isomorphic 
to Z/3Z and Z/2Z respectively. In both cases the component group acts trivially on K{Bs,u) and 
so p = 1. The fact that the elements ~\~ Cai+3a2 

and + 601+202 representatives of the 
subregular nilpotent orbit can be derived from the analysis in [Ja, Theorem 4.40] or [Sh]. This 
determines the triples {tc, e„i + e^i+sas , 1) and {td, e^i + 6^^+2012 > !)■ 

Central character tg: Theorem 1.11 applied to the placed skew shapes (ig, {ai, ai +0:2}), {tc, {oti}) 
and {tc, {oi, «! + 02, «i + 202}) produces, respectively, a two dimensional irreducible module M 
with supp(M) = {s2Sitc,siS2Sitc), a one dimensional irreducible module A'' with supp(A) = 
{site} and a one dimensional irreducible module N* with supp(A?'*) = {s2S\S2Sitc}- Lusztig 
[Lu3] Theorem 4.7 constructs a 3-dimensional irreducible /f-module P with dim(P(^™) = 2 and 
dim(Pf_j™) = 1. In Lusztig's notation this is the module labeled by the graph Q for G2- 

As described in [Lu3, 4.23] we can twist the module P by an involutive automorphism of 
H to obtain another 3-dimensional irreducible module P* which has d\m.{{P*)^^^g^g^^ ) = 2 and 
dim((P*)f^^^,^,^,^,J = 1. 

All of the modules M, N, P, N* , P* must appear as composition factors of the principal series 
module M{tc)- By comparing dimensions of weight spaces, any other module Q which appears 
in a composition series of M{tc) must have supp(Q) C {s2S\tc, siS2Sitc} ■ Theorem 1.11(b) then 
implies that Q must be isomorphic to M. Thus Theorem 1.15 implies that M, N, P, N* , and P* 
are (up to isomorphism) all the irreducible modules with central character tc- 

The Langlands parameters for each module are determined from its weight structure. The 
Kazhdan-Lusztig induction theorem allows us to use the Langlands parameters to determine the 
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indexing triples for the modules which are not tempered. Since te is a real central character the 
indexing triples for the tempered representations can be determined from the Springer correspon- 
dence, see Table 6.3. Alternatively, one can get these triples from [Lu3, 2.10] where it is explained 
that the nilpotent in the indexing triple is subregular, the variety Bs,u (where s = tg and u is 
subregular) consists of three disjoint points and a projective line, and the component group is 
isomorphic to the symmetric group 5*3. The symmetric group ^3 acts trivially on the line and per- 
mutes the three points, which implies that the line corresponds to p = (3) (trivial representation 
of 53) and the three points are split between the isotypic components p = (3) and p = (21). In 
this case the standard module „ (is) = 0. The projective line in Bs,u corresponds to the two 
dimensional weight space (f *)f™ in the module P* . 

Central character tf-: Let Cvf and Cvg-^f be the one dimensional representations of given by 
TiVf = qvf, X'^^Vf=q^Vf, X^^^Vf = q-'^Vf, 

Let 

Ml = Ind|^^^ {Cvf) and M2 = Ind|^^^ {Cv,,f). 

By Lemma 1.17 these modules have weights supp(Mi) = {s2tf,tf,sitf,S2Sitf} and supp(M2) = 
{sitf,S2Sitf, siS2Sitf , S2SiS2Sitf} respectively. Both Mi and M2 are 6 dimensional. 

Let M be any ^-module such that Mg^tj, ^ 0. By Lemma 1.19 and Proposition 1.6, 
dim(Mf^^'') = dim(M|^7^) > 2. Since (520:1,0;^) = {ai + 30:2,0;^) it follows from Lemma 
1.19 (b) that dim(Mf^^(" ) > 1. Then, by Proposition 1.6, dim(Mf™^(^) > 1. Adding these numbers 
up we see that dim(M) > 6. It follows that Mi is irreducible. An analogous argument can be 
applied to conclude that M2 is irreducible. 

Central character tg.- Let Ci;^ and Ci;^^^ be the one dimensional representations of -^"{1} given by 

TiVg = qvg, X^'^Vg = q\ , X^^^Vg = q-\, 

TiVs^g = -q~'^Vs^g, X'^'-Vs^g = q~'^Vs^g, X^'^^Vs^g = q^Vs^g. 

Let 

Ml = Ind|^^^ {Cvg) and M2 = Ind|^^^ {Cvs^g). 

By Lemma 1.17 these modules have weights supp(Mi) = {siS2tg,S2tg,tg} and supp(M2) = 
{sitg,S2Sitg, siS2Sitg} r csp ect 1 vcty. Both Mi and M2 are 6 dimensional. 

Let M be any if-module such that Ms^s2tc 0- By Lemma 1.19 and Proposition 1.6, 
dim(Mf™) = dim(Mf^7J = dim(Mf^'',''^t J > 2. Thus dim(M) > 6. It follows that Mi is irre- 
ducible. An analogous argument can be applied to conclude that M2 is irreducible. 
Central character ti: Let Cvj and Cvs^i be the one dimensional representations of H^2} given by 

T2Vi = qvi, X'^^Vi = Vi, X'^^Vi = q^Vi, 

T2Vs^i = -q'^Vs^i, X'^^Vs^i = q^Vs^i, X^'^Vg^i = q~'^Vs^i. 

Let 

Mi=Ind| (Cv,) and M2 = Indf (Cvs^i). 
An argument similar to that for the central character tf shows that Mi and M2 are irreducible. 
Central character tj : Let Cvj and Cvs2j be the one dimensional representations of -^{2} given by 
T2Vj = qvj, X'^°'^Vj = q~^Vj, X^'^vj = q'^Vj, 

T2Vs2j = -Q'^Vs^j, ^^"'Ws2j = q^Vg^j, X°'^v,^j = q-'^Vs^j. 

Let 

Ml = Ind|^^^ (C^,) and M2 = Ind|^^^ (C^;,,,). 
An argument similar to that for the central character tg shows that Mi and M2 are irreducible. 
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